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$(\Delta\otimes$ id$)(\Delta(1))=(\triangle(1)\otimes 1)(1\otimes\triangle(1))=(1\otimes\triangle(1))(\triangle(1)\otimes 1)$ , (2.2)
$\epsilon(xyz)=\epsilon(xy_{(1)})\epsilon(y_{(2)}z)=\epsilon(xy_{(2)})\epsilon(y_{(1)}z)$ . (2.3)
$\triangle(x)=X_{(1)}\otimes x_{(2)},$ $(\Delta\otimes$ id$)(\Delta(x))=x_{(1)}\otimes$
$x_{(2)}\otimes x_{(3)}$ $\mathcal{H}$ $S$ : $\mathcal{H}arrow \mathcal{H}$
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$\epsilon_{t}(x)=\epsilon(1_{(1)}x)1_{(2)},$ $\epsilon_{S}(x)=1_{(1)}\epsilon(x1_{(2)})$ . (2.6)
2.1 $X$ $\mathcal{F}(X)$ $:=\oplus_{x,y\in X}\mathbb{K}e_{y}^{x}$ $e_{y}^{x}(x, y\in X)$
$(\# X)^{2}$ $\mathcal{F}(X)$
$e_{y}^{x}e_{w}^{z}= \delta_{xz}\delta_{yw}e_{y}^{x}, 1_{\mathcal{F}(X)}=\sum_{x,y\in X}e_{y}^{x},$
$\Delta(e_{y}^{x})=\sum_{z\in X}e_{z}^{x}\otimes e_{y}^{z}, \epsilon(e_{y}^{x})=\delta_{xy}, S(e_{y}^{x})=e_{x}^{y}.$
$\# X\geq 2$ $\Delta(1)=\sum_{x,y,z}e_{z}^{x}\otimes e_{y}^{z}\neq\sum_{x,y,z,w}e_{z}^{x}\otimes e_{y}^{w}=1\otimes 1$
$\mathcal{F}(X)$
2.2 $G$ $X$ $G$- $\mathcal{F}(G,X)$ $:=\oplus_{x,y\in X}\oplus_{g\in G}\mathbb{K}e_{y}^{x}(g)$
$e_{y}^{x}(g)e_{w}^{z}(h)=\delta_{xg,z}\delta_{yg,w}e_{y}^{x}(gh)$ , (2.7)
$\Delta(e_{y}^{x}(g))=\sum_{z\in X}e_{z}^{x}(g)\otimes e_{y}^{z}(g)$
, $\epsilon(e_{y}^{x}(g))=\delta_{xy}$ , (2.8)
$S(e_{y}^{x}(g))=e_{xg}^{yg}(g^{-1})$ . (2.9)
2.3 $G$ $X$ $G$- $\sigma:X\cross G\cross Garrow$
$\mathbb{K}^{\cross};(x,a, b)\mapsto\sigma_{x}(a, b)$
$\frac{\sigma_{x}(a,b\rangle\sigma_{x}(ab,c)}{\sigma_{y}(a,b)\sigma_{y}(ab,c)}=\frac{\sigma_{xa}(b,c)\sigma_{x}(a,bc)}{\sigma_{ya}(b,c)\sigma_{y}(a,bc)}$
$\mathcal{F}(G,X,\sigma)$ $:=\oplus_{x,y\in X}\oplus_{g\in G}\mathbb{K}e_{y}^{x}(g)$
$e_{y}^{x}(g)e_{w}^{z}(h)= \delta_{xg,z}\delta_{yg,w}\frac{\sigma_{x}(g,h)}{\sigma_{y}(g,h)}e_{y}^{x}(gh)$ .
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:N. Andruskiewitsch S. Natale [1] double groupoid (
groupoid )
$\mathcal{H}$ $M,$ $N$ $M\otimes N$ $M\otimes-N$
$M\otimes-N$ $:=$ span$\{1_{(1)}m\otimes 1_{(2)}n|m\in M, n\in N\}$ (2.10)
$M-\otimes N$ $\mathcal{H}\otimes(M\otimes N)arrow M\otimes N;h\otimes(m\otimes n)\mapsto h_{(1)}m\otimes h_{(2)}n$
$\mathcal{H}$- $\mathcal{H}$- $\mathcal{H}$Mod
( ) $\mathcal{H}$
$\mathcal{H}$- $\mathcal{H}mod$ $M\mapsto M^{*}$ $:=Hom_{\mathbb{K}}(M, \mathbb{K})$
$M^{*}$ $\mathcal{H}$ $(hf)(m)=$
$f(S(h)m)$ $(m\in M, f\in M^{*}, h\in \mathcal{H})$
3 $\mathcal{F}(G, X, \sigma)$
$\mathcal{H}$
$\mathcal{H}_{t}=\epsilon_{t}(\mathcal{H}) , \mathcal{H}_{s}=\epsilon_{s}(\mathcal{H})$ , (3.1)
$\mathcal{H}_{\min}=$ span$\{\varphi\lambda|\varphi\in \mathcal{H}_{t}, \lambda\in \mathcal{H}_{s}\}$ (3.2)
$\mathcal{H}_{t},$ $\mathcal{H}_{s}$ $\mathcal{H}$ $\mathcal{H}_{\min}$ $\mathcal{H}$ $\mathcal{H}_{t}$
$X$ $\mathbb{K}^{X}$ $\mathcal{H}$ $X$-
$X$-
3.1 $\mathcal{H}$ $X$ - $\mathcal{H}$ $e_{y}^{x}(x, y\in X)$ 2.1
$\mathcal{H}_{\min}=$ span$\{e_{y}^{x}|x, y\in X\}$ $\mathcal{H}$









$G( \mathcal{F}(X))=\{\sum_{x,y}\frac{a_{x}}{a_{y}}e_{y}^{x}|a_{x}\in \mathbb{K}^{\cross} (x\in X)\}$ . (3.3)
$G(\mathcal{H})$ $G_{m}in(\mathcal{H})$ $:=\mathcal{H}_{mi}n$ $G(\mathcal{H})$ Gred $(\mathcal{H})$ $:=$
$G(\mathcal{H})/G_{\min}(\mathcal{H})$
$\mathcal{H}$ $G$ $arrow:G\cross \mathcal{H}arrow \mathcal{H};(g, a)\mapsto garrow a,$
$\sigma:G\cross Garrow G(\mathcal{H})$
$g$ $a\mapsto garrow a$ $\mathcal{H}$ (3.4)
$1arrow a=a$ , (3.5)
$\sigma(g, 1)=\sigma(1, g)=1$ , (3.6)
$(garrow\sigma(h, k))\sigma(g, hk)=\sigma(g, h)\sigma(gh, k)$, (3.7)
$(garrow(harrow a))\sigma(g, h)=\sigma(g, h)(gharrow a)$ . (3.8)
$g,$ $h,$ $k$ $G$ $a$
$\mathcal{H}$
$\mathcal{H}\rtimes_{\sigma}\mathbb{K}G:=\mathcal{H}\otimes \mathbb{K}G$
$(a\otimes g)(b\otimes h)=a(garrow b)\sigma(g, h)\otimes gh$ , (3.9)





3.3 $\mathcal{H}$ $\mathcal{H}_{gl}=\mathcal{H}$ $\mathcal{H}_{\min}$
$arrow:G_{red}(\mathcal{H})\cross \mathcal{H}_{\min}arrow \mathcal{H}_{\min},$ $\sigma:G_{red}(\mathcal{H})\cross G_{red}(\mathcal{H})arrow G(\mathcal{H}_{\min})$
$\mathcal{H}\cong \mathcal{H}_{\min}\rtimes_{\sigma}\mathbb{K}G_{red}(\mathcal{H})$
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3.4 $\mathcal{H}$ $X$ -
$G:=G_{red}(\mathcal{H})$ $X$
$\mathcal{H}\cong \mathcal{F}(G, X, \sigma)$ .
4
Ostrik [12]
( ) $G$ $\mathbb{C}G,$ $\mathbb{C}G$
$D(G),$ $D(G)$ $D^{\omega}(G)$ ( )
$\mathcal{F}(G, X, \sigma)$
$C$ $M$ $C$- $(M$
$C\cross Marrow M$ )
( ) Endc(M)
$G$ $\omega:G\cross G\cross Garrow \mathbb{C}^{\cross}$ 3- $Vec_{G}^{\omega}$
$G$ Vec$\omega G$
$(A\otimes B)_{c}:=\oplus_{ab=c}A_{a}\otimes B_{b}$ $\omega(a, b, c)id:(A_{a}\otimes B_{b})\otimes C$ $\cong$
$A_{a}\otimes(B_{b}\otimes C_{c})$
$H$ $G$ $\psi:H\cross Harrow \mathbb{C}^{\cross}$ $d\psi=\omega|_{H\cross H\cross H}$
$Vec_{G}^{\omega}$- $M_{H,\psi}$
$C(G, H, \omega, \psi) :=End_{Vec_{G}^{\omega}}(M_{H,\psi})$
$C(G, H, \omega, \psi)$ ( )
: $C(G, H, \omega, \psi)$
( [8] ).
$X=H\backslash G$ $x\in X,$ $a,$ $b\in G$
$\sigma_{x}(a, b)=\frac{\omega(t_{x}at_{xa}^{-1},t_{xa},b)}{\omega(t_{x}at_{\overline{x}a^{1}},t_{xa}bt_{xab}^{-1},t_{xab})\omega(t_{x},a,b)\psi(t_{x}at_{xa}^{-1},t_{xa}b,t_{xab}^{-1})}$
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$x\in X$ $t_{x}\in G$ $t_{x}G=x$
4.1 $C(G, H, \omega, \psi)$ $\mathcal{F}(G, X, \sigma)$ -




$G,$ $X,$ $\sigma$ 2.3 $c= \sum_{x,y\in X}c_{xy}e_{y}^{x}\in$
$\mathcal{F}(X),$ $g\in G$ $c \rtimes g=\sum_{x,y\in X}c_{xy}e_{y}^{x}(g)\in \mathcal{F}(G, X, \sigma)$
$g,$ $h\in G$ $\sigma(g, h)=\sum_{x,y\in x_{\sigma_{y}(g,h)}^{\sigma_{x}}}^{\lrcorner\omega h}e_{y}^{x}\in \mathcal{F}(X)$ $\sigma(-, -)$
$G(\mathcal{F}(X))$ $G$ 2-
5.1 $\mathbb{K}$ 2- $\tau$
$n\geq 1$ $\mathcal{F}(G, X, \sigma)\cong \mathcal{F}(G, X, \tau)$
$\tau(g, h)^{n}=1 (\forall g, h\in G)$ (5.1)
$\sigma=\tau$
$G(\mathcal{F}(X))$ $A_{\sigma}$ $\mathcal{F}(G, X)^{\cross}$ $G_{\sigma}$
$A_{\sigma}=\langle\sigma(g, h)|g, h\in G\rangle$ , (5.2)
$G_{\sigma}=\{a\rtimes g|a\in A_{\sigma}, g\in G\}$ (5.3)
$1 arrow A_{\sigma}arrow^{\iota}G_{\sigma}arrow^{\pi}G-1$ (5.4)
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$\iota(a)=a\rtimes 1,$ $\pi(a\lambda g)=g$ $G_{\sigma}$ $\pi$ #
$X$ $\mathcal{F}(G_{\sigma}, X)$ $\mathcal{F}(G_{\sigma},X)$-
$M$
$(\sigma(g, h)\rangle\triangleleft 1_{G_{\sigma}})m=(1_{\mathcal{F}(X)}\rtimes(\sigma(g, h)\rtimes 1_{G}))m$ $(\forall g, h\in G, \forall m\in M)$
$M$ $M$ $\mathcal{F}(G_{\sigma}, X)$ -
$\mathcal{F}(G_{ },X)$Mod
5.2 $\mathcal{F}(G, X, \sigma)$ - $M$
6
$\mathbb{K}$ $\mathbb{C}$ $M$ $X$- $\mathcal{F}=$
$\mathcal{F}(G, X)$ $M$
$M= \bigoplus_{x,y\in X}M_{y}^{x}, M_{y}^{x}:=e_{y}^{x}M$ (6.1)
$e_{y}^{x}:=e_{y}^{x}(1)$ $M$
$M= \bigoplus_{\Omega\in(X\cross X)/\triangle(G)}M(\Omega) , M(\Omega);=\bigoplus_{(x,y)\in\Omega}M_{y}^{x}$
(6.2)
$\Delta(G)$ $:=\{(g, g)|g\in G\}$ ($X\cross$
$X)/\Delta(G)$ (6.2)
$M=M(\Omega)$ $M$ $\Omega$ $\triangle(X)\in(X\cross X)/\triangle(G)$
$x\in X$ $G_{x}:=\{g\in g|xg=x\}$ $\Omega\in(X\cross X)/\triangle(G)$ ,
$\omega=(x, y)\in\Omega$ $G_{\omega}=G_{x,y}:=G_{x}\cap G_{y}$ $\mathbb{C}G_{\omega}$- $V$
$I_{\omega}(V):=\mathbb{C}G\otimes_{\mathbb{C}G_{\omega}}V$
$e_{v}^{u}(g)(g’\otimes_{\mathbb{C}G_{\omega}}v)=\delta_{\omega,(u,v)gg’}gg’\otimes_{\mathbb{C}G_{\omega}}v$






6.1 $x,$ $y,$ $z\in X,$ $\mathbb{C}G_{x,y}$ - $U,$ $\mathbb{C}G_{y,z}$ - $V$
$I_{(x,y)}(U)- \otimes I_{(y,z)}(V)\cong\bigoplus_{t\in T}I_{(x,tz)}(((U\otimes tV)|_{G_{x,y,tz}})^{G_{x,tz}})$ ,
$T$ $G_{y}=$ IL$\in\tau^{G_{x,y}tG_{y,z}}$ $G_{y}$
$G_{x,y,z}=G_{x}\cap G_{y}\cap G_{z}$ $(-)|_{G_{x,y,tz}},$ $(-)^{G_{x,tz}}$
$I_{(x,y)}(U)$ $\mathbb{C}G$-
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7.1 $x,$ $y\in X$ $\mathbb{C}G_{x,y}$ $0\ovalbox{\tt\small REJECT} V$
$\nu_{r}(I_{(x,y)}(V))=\frac{1}{\# G_{x,y}}\sum_{g\in G(x,y;r)}Tr_{V}(g^{r})$ ,
$G(x, y;r)=\{g\in G|xg=y, xg^{r}=x\}.$
7.2 $h\in H,$ $r>0,$ $y=bH\in X$
$\#\{g\in bH|g^{r}=h\}$
$=\{\begin{array}{ll}\sum_{i}\nu_{r}(I_{(x,y)}(V_{i}))Tr_{V_{i}}(h) (yh=y)0 (yh\neq y) .\end{array}$ (7.3)
$x=H\in X$ $\{V_{i}\}$ $\mathbb{C}G_{x,y}$ -
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$G$ $G=HK,$ $H\cap K=\{1\}$ $H,$ $K\leq G$
$\mathbb{C}^{K}\#\mathbb{C}H$
S. Montgomery $G$ $n$ $\mathfrak{S}_{n}$ $H=\mathfrak{S}_{n-1},$
$\grave{K}=\langle(1,2, \ldots, n)\rangle$ $\mathbb{C}^{K}\#\mathbb{C}H$ $M$
$\nu_{2}(M)=1$ ( [5]). $\mathbb{C}^{K}\#\mathbb{C}H$mod
$\mathcal{F}(\mathfrak{S}_{n},X)$ mod $r>0$ $\nu_{r}(M)$




$G=\mathfrak{S}_{n}$ $X$ $\Omega=(\overline{n-1}, \overline{n})\triangle(G)$
$G_{\overline{n}}=H=\mathfrak{S}_{n-1},$ $G_{\overline{n-1},\overline{n}}=\mathfrak{S}_{n-2}$ $n$
$\lambda$ $Y_{n}$ $\mathbb{C}\mathfrak{S}_{n}$- $V(\lambda)$
$\lambda\in Y_{n-1},$ $\alpha\in Y_{n-2}$ $L(\lambda)=I_{(\overline{n},\overline{n})}(V(\lambda))$ ,
$L(\alpha)=I_{(\overline{n-1},)}\overline{n}(V(\alpha))$ $\{L(\lambda)|\lambda\in Y_{n-1}\}$ $\mathcal{F}(G, X)-$
$\{L(\alpha)|\alpha\in Y_{n-2}\}$ $\Omega$ $\mathcal{F}(G, X)$ -





$[L(\alpha)][L(\beta)]$ $=$ $\sum$ $\sum$ $N_{\alpha_{2}\beta}^{\gamma}[L(\nu)]+$ $\sum$ $\sum$ $N_{\zeta,\eta}^{\theta}[L(\gamma)].$










$R_{\mathfrak{S}_{n}}^{r}(1)= \sum_{1\leq s\leq n;s|r}\frac{(n-1)}{(n-s)}!R_{\mathfrak{S}_{n-s}}^{r}(1)$ (8.3)
8.2 $\mathfrak{S}_{n-2}$ $\acute{R}_{\mathfrak{S}_{n}}^{r}:a\mapsto\#\{g\in(n-1, n)\mathfrak{S}_{n-1}|g^{r}=a\}$ $\mathfrak{S}_{n}2$
$\acute{R}_{\mathfrak{S}_{n}}^{r}(a)=\sum_{s2\leq s\leq n;|r}Ind_{\mathfrak{S}_{n-\epsilon}}^{\mathfrak{S}_{n-2}}(R_{\mathfrak{S}_{n-\epsilon}}^{r})(a)$
. (8.4)
8.3 $r>0$ $b\in \mathfrak{S}_{n}\backslash \mathfrak{S}_{n-1}$





$\mathcal{H}$ $\mathcal{R}^{+},$ $\mathcal{R}^{-}\in \mathcal{H}\otimes \mathcal{H}$ $(\mathcal{H}, \mathcal{R}^{+}, \mathcal{R}^{-})$
( $\mathcal{R}^{\pm}$ $\mathcal{H}$ )
$\mathcal{R}^{+}\Delta(1)=\mathcal{R}^{+}, \Delta(1)\mathcal{R}^{-}=\mathcal{R}^{-}$ , (9.1)
$\mathcal{R}^{-}\mathcal{R}^{+}=\Delta(1) , \mathcal{R}^{+}\mathcal{R}^{-}=(\Delta^{op})(1)$ , (9.2)
$\mathcal{R}^{+}\triangle(a)\mathcal{R}^{-}=\Delta^{op}(a) (a\in \mathcal{H})$ , (9.3)
$(\triangle\otimes id)(\mathcal{R}^{+})=\mathcal{R}_{13}^{+}\mathcal{R}_{23}^{+}, (id\otimes\Delta)(\mathcal{R}^{+})=\mathcal{R}_{13}^{+}\mathcal{R}_{12}^{+}$ . (9.4)
$B$ $\mathcal{H}$ $\mathcal{R}^{\pm}$ $B$ $\mathcal{R}^{\pm}$ $b\otimes c$
$(b, c\in B)$
$G$ $H$ $X=H\backslash G,$ $x_{0};=H\in X$
$s,$ $t:Xarrow G$ $(s, t)$ $(G, H)$
matched pair of sections
$x_{0}s(x)=x=x_{0}t(x)$ , (9.5)




9.1 $(s, t)$ $(G, H)$ matched pair of sections $c:X\cross Xarrow \mathbb{C}^{\cross}$
$x,$ $y,$ $z\in X,$ $h\in H$
$c(x*y, z)=c(x, z)c(y, z)$ , (9.9)
$c(x, y*z)=c(x, y)c(x, z)$ , (9.10)
$c(xh, yh)=c(x, y)$ (9.11)
$\mathcal{F}(G, X)$
$R_{s,t,c}^{+} \cdot=\sum_{x,y,z\in X}c(x*z^{-1}, y*z^{-1})e_{y}^{z}(s(z)^{-1}s(x))\otimes e_{z}^{x}(t(z)^{-1}t(y))$ ,
$R_{\overline{s,} c}:= \sum_{x,y,z\in X}c(y*z^{-1}, x*z^{-1})^{-1}e_{z}^{x}(s(z)^{-1}s(y))\otimes e_{y}^{z}(t(z)^{-1}t(x))$
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9.2 $\mathcal{F}(G, X)$ $\{e_{y}^{x}(g)\}$
{ $\mathcal{R}_{s,t,1}^{\pm}|(s, t)$ $(G, H)$ matched pair of sections}
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